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Abstract– In this work, the performance of three kinds of 
integrated optical ring-resonator based slow-light 
structures for sensing applications is theoretically 
studied using the transfer matrix method and the 
complex transmission coefficient approach. 
Enhancement of sensing performance due to the slow-
light phenomenon is quantitatively formulated. The 
modeling results show that using realistic structure 
parameters, a refractive index detection limit of one 
order better than the state of the art Mach-Zehnder 
interferometer sensing structure is possible by the 
inclusion of such a slow-light structure. The role of 
ring(s) attenuation constant in limiting the usable light 
slowness and the achievable sensor resolution is also 
discussed. For a sufficiently small ring attenuation 
constant, the optimal sensing performance of a single-
resonator circuit can be better than that of multiple 
resonator circuits, while offering less fabrication 
complexities, cleaner spectra, shorter device length, and 
higher figure of merit.  
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I. INTRODUCTION 
 
low-light [1] is a phenomenon whereby light travels 
with a group velocity (vg) much lower than the velocity 
of light in vacuum (c). If light travels slowly, there is 
intense interaction between light and matter, which is 
beneficial for applications like sensing, non-linear optics, 
light generation, and amplification.  
 
Although integrated-optical (IO) micro- ring and disk 
resonators have been long considered as a good candidate to 
enhance sensor performance, none of previous works [2]-[5] 
has explicitly attributed such enhancement to slow-light and 
consequently made use of such phenomenon for optimizing 
the sensor performance. In this paper, we theoretically study 
ring-resonator based slow-light structures [6]-[8] for 
enhancing the performance of IO sensors. For simplicity, 
we consider a refractometric IO sensor with Mach-Zehnder 
interferometer (MZI) read-out scheme [9], which is 
presently expected to be one the most sensitive IO sensing 
scheme. Our study includes coupled-resonator optical-
waveguide (CROW) [6]-[7] and single ring-resonator 
circuits, both with two [8] and four [5] input/output ports. 
We quantitatively show how much advantage can be 
expected by exploiting the slow-light phenomenon in the 
CROW and the single-resonator circuits in terms of 
sensitivity and detection limit of the sensor. We also show 
that a single ring-resonator circuit can be as good as a 
CROW for such slow-light enhanced sensing, while 
offering additional advantages for being shorter in size, 
having cleaner spectra, and less fabrication complexities. 
We show that the resonator attenuation constant is the factor 
that limits the achievable slowness of light and hence the 
ultimate detection limit of the sensor in practice. By taking 
realistic structure and detection parameters, we obtained 
that a refractive index (RI) detection limit down to 2E-9RIU 
can be obtained with light as slow as vg/c=4E-3 and 
vg/c=1E-2, using a four-port (single) ring-resonator (FPRR) 
circuit and a 3-resonator CROW, respectively, while for a 
two-port (single) ring-resonator (TPRR) circuit, the 
detection limit is even 5 times better. 
  
II. SLOW-LIGHT ENHANCEMENT OF RING-
RESONATOR BASED SENSOR 
 
In this section, we will relate the slow-light 
phenomenon and the performance of an MZI-based sensor. 
We consider a sensor with slow-light structures at both the 
sensing and the reference arms of the symmetric MZI as 
depicted in Fig. 1. At the sensing arm, the evanescent tail of 
the light traveling inside the resonator(s) interrogates the 
sensing analytes, either directly (in a homogeneous sensing 
scheme) or through an affinity sensing layer (e.g. a chemo- 
or bio-optical transduction layer that changes its physical 
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properties due to the changes of specific species in the 
analytes through a molecular binding mechanism). To 
simplify the analysis, we assume that the resonant spectra 
and signal level of both arms can be matched through tuning 
of the reference arm, hence only the phase difference 
between the two arms will represent the changes of the 
refractive index of the analyte (in homogeneous sensing 
case) or physical properties of the sensing layer (for the 
surface sensing case). At the other part of the MZI, there is 
a balanced electro-optic modulator that enables the 
employment of a sensitive serrodyne phase shift read-out 
[9] scheme. 
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Fig. 1.  (a) A schematic illustration on the slow-light based 
sensor being considered. Three kinds of ring-
resonator slow-light structures are considered, i.e. 
(b) CROW, (c) FPRR, and (d) TPRR. 
 
 The group velocity of light traveling in the slow-light 
waveguide (SLW) is defined by 
2
eff,SLW eff,SLW
2 1
g
cv ω πβ β λλ
∂≡ = −∂ ∂ ∂       (1) 
where ω, βeff,SLW, c, and λ are the angular frequency, the 
(effective) propagation constant, the velocity of light in 
vacuum, and the vacuum wavelength of the light, 
respectively. 
 
 For an interferometric sensor being considered, we 
define the sensitivity (S) as the amount of phase (ϕ) change 
as result of an infinitesimal change of the effective index 
(neff,res) of the mode in the waveguide in the ring-resonator 
at the sensing arm as follows 
eff,res
S
n
ϕ∂≡ ∂ .            (2) 
As will be shown in Section III, the phase of light passing 
through a SLW is a function of the propagation constant 
(βres) of the mode in the ring resonator. Using 
res eff,resnc
ωβ = , we can rewrite Eq. (2) as 
eff,res g
LS
n v
ω= .            (3) 
with L denoting the geometrical length of the SLW as 
depicted in Fig. 1. Eq. (3) quantitatively shows the relation 
between the sensitivity of the interferometer to detect phase 
and the slowness of the light. As light travel more slowly 
(lower vg), the interferometer becomes more sensitive to the 
changes of the neff,res if other parameters are kept the same. 
 
 The final sensitivity of the sensor can be written as 
eff,res
mea
mea mea
n
S S
n n
ϕ ∂∂= =∂ ∂          (4) 
where nmea denotes the refractive index of the measurand. 
The RI detection limit (δnmea), i.e. the smallest RI changes 
that can be resolved by the sensing system can be written as 
mea
mea
n
S
δϕδ =             (5) 
where δϕ denotes the smallest phase changes that can be 
resolved by the phase read-out system. 
  
 From Eqs. (3) to (5), it is obvious that the slow-light 
phenomenon makes the sensor to be more sensitive and 
hence enables the detection of smaller changes of the 
measurand.  
 
III. MODELING METHOD 
 
In order to model the ring-resonator circuit, we use the 
transfer matrix method [10] and a complex transmission 
coefficient approach [11] to calculate the vg and other 
quantities related to the sensor performance. We assume 
that both the straight waveguide and the ring resonator(s) 
are single-mode together with unidirectional coupling which 
takes place only between adjacent waveguides. We also 
assume that the couplers are lossless, while the propagation 
in the rings can be lossy. We will first derive the equation 
for CROW and thereafter for FPRR and TPRR. 
 
We subdivide the unit cell of the CROW into 3 
sections, i.e. the left hand side (lhs) half-ring propagation 
section, the coupler section, and the right hand side (rhs) 
half-ring propagation section as shown in Fig. 2. For the 
coupler section between two adjacent resonators, we take a 
scattering matrix formulation 
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p p p
p p p
b a a
c d d
τ κ
κ τ
⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦
S        (6) 
with τ and κ denoting the through and cross port coupling 
constant of the coupler, while ap to fp denoting the fields at 
corresponding positions in the unit cell p as illustrated in 
Fig. 2. By using the unitary property (SSH=I) of the 
scattering matrix as a consequence of power conservation in 
the lossless coupler, we can write 
*
* *
1
1
p p p
p p p
c a a
d b b
κ τ κ
τ κ κ
⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦
C      (7) 
with C the transfer matrix of the coupler. For propagation in 
the half ring in the lhs and rhs of the coupler, we can write 
1
1
p p
p p
a e
b f
−
−
⎡ ⎤ ⎡ ⎤=⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
L            (8a) 
and 
p p
p p
e c
f d
⎡ ⎤ ⎡ ⎤=⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
R ,           (8b) 
with the transfer matrices L and R 
( )
( )
exp 0
0 exp
i
i
θ
θ
⎡ − ⎤= = ⎢ ⎥⎣ ⎦
L R        (9) 
where ( ) / 2res resi rθ β α π= − , with αres and r denoting the 
attenuation constant and the effective radius of the ring, 
respectively. Note that, we have assumed exp(iωt) time 
dependence of the field. Hence, for a single unit cell, we 
obtain 
1 1
1 1
p p p
p p p
e e e
f f f
− −
− −
⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
RCL M        (10) 
with 
( )
( )
*
* *
exp 2
exp 2
i
i
θ κ τ κ
τ κ θ κ
⎡ ⎤−= ⎢ ⎥⎣ ⎦
M  is the transfer matrix 
of the unit cell. For CROW with N coupled uniform 
resonators, the relation is as follows 
( ) 1 0 0
0 0
NN
out in
N
c a a
d b b
−⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
C L RCL RC T    (11) 
where T, Cin, and Cout denote the transfer matrix of the 
complete CROW, input coupler, and output coupler, 
respectively.  
 
For FPRR, by taking N=1, the transfer matrix 
formulation reduces to 
0 01
0 01
out in
a ac
b bd
⎡ ⎤ ⎡ ⎤⎡ ⎤ = =⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
C LRC T .      (12) 
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Fig. 2.  The CROW and the notations used in the 
modeling. In this schematic picture, we assume 
odd number of resonators in the CROW. 
 
By assuming no back reflection from other part of the 
structure, the transmission coefficient across the CROW and 
FPRR can be written as 
12 21
11
0 22
Nc T Tt T
a T
= = −           (13) 
with Tmn denoting the entry at row m and column n of the 
transfer matrix T. 
 
 Using similar procedure, we can write the transmission 
coefficient of the TPRR as 
 
( )
( )straight
exp 4
exp
1 exp 4
i
t i L
i
τ θβ τ θ
− −⎡ ⎤= −⎣ ⎦ − −      (14) 
with βstraight denoting the propagation constant of the straight 
waveguide. 
 
Using the complex transmission coefficient approach 
[11], we can write 
( ) ( )eff,SLWexp expt t i t i Lϕ β= − = −      (15) 
with 
( ) eff,SLWIm ln 2t q Lϕ π β= − ± =⎡ ⎤⎣ ⎦       (16) 
where q is an integer. Using eq. (15) and formulae given in 
Section II, parameters related to the sensor performance can 
be calculated. 
 
IV. RESULTS AND DISCUSSIONS 
 
In order to study the slow-light enhanced sensor, we 
assume sensors with slow-light section made of ring 
resonator(s) with radius of 300μm, with neff,res of 2, 
operating in resonant wavelength in the neighborhood of the 
HeNe laser wavelength (λHeNe=0.6328μm). For CROW, we 
consider the one with 3 resonators, and since its resonance 
is intrinsically multimoded, we consider only the center 
resonant mode. 
 
In ring resonators, the slowness of light depends on the 
interplay between the coupling constant and the round-trip 
loss [8]. As the intense light-matter interaction as result of 
the slow-light will manifest in the form of loss [8], there is a 
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limitation on the allowable light slowness in order to have a 
still detectable signal strength at the output for the scheme 
shown in Fig 1a. Figure 3 shows the slowest vg and the 
corresponding group delay as function of the ring 
attenuation constant. The figure shows plots for insertion 
loss budget of 15 dB, 20 dB, and 25 dB. 
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Fig. 3.  The slowest normalized vg and corresponding 
group delay at the center resonant wavelength of 
(a). a CROW with N=3 and (b). the FPRR and (c) 
the TPRR as function of ring attenuation constant, 
as being limited by the maximum insertion loss of 
15 dB, 20 dB, and 25 dB. 
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Fig. 4.  The RI detection limit and the corresponding 
maximum sensitivity of the sensor at the center 
resonant wavelength of (a). a CROW with N=3 
and (b). the FPRR, and (c) the TPRR as function 
of ring attenuation constant, as being limited by 
the maximum insertion loss of 15 dB, 20 dB, and 
25 dB. 
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Fig. 4 shows the RI detection limit and the 
corresponding maximum sensitivity of the sensor for the 
same situation. Here, we have assumed /eff mean n∂ ∂  of 0.2 
and δϕ of 5E-5×2π rad., which are taken from Ref. [9]. 
Figures 3 and 4 show that the smaller the ring attenuation 
constant; the slower the achievable vg, the higher the 
sensitivity, and the smaller the RI detection limit can be 
achieved. Hence, loss plays a crucial role in limiting the 
performance of the sensors. The CROW exhibits a slightly 
higher sensitivity than the FPRR, but that benefit comes in 
the price of a longer device length. Besides, for a small 
attenuation constant regime, their sensitivity difference 
becomes less significant. Furthermore, the TPRR 
outperforms the other two structures regardless on the fact 
that it is the simplest one. 
 
If we are limited by insertion loss of e.g., 20 dB, using 
ring(s) with attenuation constant of 1 dB/cm (which are 
quite realistic values), both the 3-resonator CROW and the 
FPRR can achieve RI detection limit down to around 
2E-9RIU using vg/c of around 1E-2 and 4E-3 for the CROW 
and the FPRR, respectively. For the same case, the TPRR 
gives RI detection limit of around 4E-10RIU, which is 5 
times better, using vg/c of around 7E-4. We should note that 
the simulated detection limit of the CROW and the FPRR in 
this study is already one order better than the present day 
state of the art commercial MZI sensors [9], [12]. 
 
Contrary to slow-light structure for telecom applications 
[7] where CROW is more preferable than a single resonator 
owing to the larger bandwidth of CROW, our results 
suggest that an optimal single-resonator circuit is a better 
slow-light structure for sensing applications than its coupled 
resonator counterpart. Besides having a comparable (for the 
FPRR) or even better (for the TPRR) detection limit, a 
single resonator circuit also has cleaner spectra, a shorter 
device length, and less fabrication complications than the 
CROW. Noting that the ring-resonator based IO sensors 
reported earlier [2]-[5] exhibited rather low sensitivity since 
they didn’t take slow-light phenomenon into account, our 
results reveal the prospect of exploiting the ring-resonator 
as a highly sensitive sensing platform. 
 
V. CONCLUSIONS 
 
Refractometric sensors based on MZI layout which employs 
ring-resonator as slow-light structure for both of its arms are 
studied. The enhancement of sensing performance due to 
the slow-light phenomenon is quantitatively shown. The 
TMM and the complex transmission coefficient approach 
have been used to study 3 kinds of such sensors. It is shown 
that the allowable device loss limits the usable light 
slowness and the achievable sensor resolution for each 
ring(s) attenuation constant in practice. For small enough 
ring attenuation constant, the performance of the single-
resonator circuit is comparable or even better than the one 
of the CROW, while offering less fabrication complexities, 
cleaner spectra, and shorter device length. 
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